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The abstract framework of quantum mechanics (QM) causes the well-known weirdness, which 
leads to the field of foundation of QM. We constructed the new concept, i.e., scope, to lay the foun- 
dation of quantum coherence and openness, also the principles of superposition and entanglement. 
We studied analytically and quantitatively the quantum correlations and information, also we dis- 
cussed the physical essence of the existed entanglement measures. We compared with several other 
approaches to the foundation of QM, and we stated that the concept of scope is unique and has not 
been demonstrated before. 
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I. INTRODUCTION 

Quantum mechanics (QM), particularly featured by h 
and has been always facing the fundamental critics 
since its establishment [lH3J ■ The exact physical meaning 
of "quantum" is unclear, which leads to the well-known 
"weirdness". The development of quantum field theory 
(QFT), which is often viewed as an improved form of QM, 
does not resolve the seminal problems in QM, such as the 
direct physical meaning of wave function and phase, the 
role of quantization and measurement, etc. The prob- 
lem of the foundation of QM has been widely concerned 
again due to the progress of quantum information and 
quantum computing (QIQC) 0t3|- The concepts of non- 
locality and entanglement have proven their importance, 
yet, there exist confusions between them [8|. 

For the research of foundation of QM, we can briefly 
clarify two sub-fields, one is the interpretation of QM [{§- 
[H, the other is the post-QM [H-[34|- The problems and 
confusions on basic concepts even philosophy, such as the 
classical d, @ , hidden variable [l]| , collapse [l6| , etc are 
mostly addressed in the interpretations. Post-QM also 
devotes to the complete mathematical form of QM, such 
as the information-theoretic approach (29|, the Kahler 
structure approach 3d], etc. 

The standard QM bases on several assumptions, and 
the physical explanations of the Copenhagen (orthodox) 
interpretation are not satisfying. Uncertainty and com- 
plementarity are emphasized; however, for uncertainty, 
there are different explanations, either based on measure- 
ment, knowledge, propensity, or reality |2|]. For the sta- 
tistical meaning of the wave function and measurement, 
the disagreement is more notable. Born viewed statistics 
as inherent, while Einstein, by EPR-argument [9], viewed 
statistics as a result of incompleteness of QM. The no- 
table "jump" and "collapse" do not have clear physical 
pictures. The most primary problem is that the Copen- 
hagen interpretation did not give an exact and direct 
meaning to the wave function, e.g., why \ip) is complex? 

Indeed, there are direct efforts to explain the physical 
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meaning of wave function, which led to the hidden vari- 
able method and Bohm mechanics (Tlj . Every particle 
is endowed with definite coordinate and trajectory under 
the restraint of guiding wave. Also, there exists the phys- 
ical collapse theory aimed to explain collapse [Iff. How- 
ever, it modifies the Schrodinger equation and the linear- 
ity, which is shown to be the analogy of the approaches 
based on decoherence @. Coherence and decoherence, 
which were not demonstrated in the standard QM, have 
gained lots of attentions these years. For instance, the 
many-world interpretation [l3[ views the universe as a 
coherent entity, and there exist the inner observer and 
relative state. The consistent (decohered) history ap- 
proaches [l3| take the time evolution and measurement 
into account, and demonstrate the structure of quantum 
logic. In Zurek's exsistential interpretation [5|, the uncer- 
tainty principle is re-explained from the view of informa- 
tion, and the Born's rule is deduced via the symmetry of 
envariance. Recently, kinds of information-theoretic the- 
ories [29[ are developed, where QM is viewed as a kind 
of information processing theory. With all these pro- 
gresses, however, the exact essence of quantum has not 
been drawn. 

At the same time, the continuous argument on foun- 
dation of QM also arose the reflection of the primary 
philosophical conception, which cannot be avoided in the 
quantum physics. The problem that why we cannot eas- 
ily understand QM just brings the problem that why we 
think the classical mechanics (CM) is normal. In this pa- 
per, our standing point is to view QM as a special kind 
of "description" of motion, from which, there is no good 
or bad of QM and CM [35j]. The theories, with equations 
and models, deal with the same nature only revealing dif- 
ferent aspects and properties. The state vector in Hilbert 
space can capture the properties of coherence, e.g., inter- 
ference, which is exotic for CM. On the contrary, trajec- 
tory is the basic idea in CM and the macroscopic world, 
yet, not in QM, due to the uncertainty. We note the tra- 
jectory in the path-integral method, which borrows ideas 
from CM, only has mathematical meaning. In practice 
(reality), to employ which description depends on its ef- 
ficiency. 

In this work, we start from one new concept, "scope", 
to check the foundation of QM. We focus on the basic 
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concepts and ideas in QM, mostly relating to superpo- 
sition. We do not intend to construct a broader theory 
with the standard QM as the special case, the methods 
based on scope mainly belong to the interpretation of 
QM. Scope describes the "structure of motion", i.e., the 
logic and systematic potential action region of the move- 
ment of a certain object (system). That is, from scope we 
can get the ability and the whole structure of the motion 
of the matter. The merits of the concept of scope are 
multi-folds. Firstly, the direct one, the weirdness of QM 
can be resolved based on scope, the wave function and 
superposition can get their physical meaning. Secondly, 
the abstract QM can gain solid natural foundation and 
physical essence, i.e., QM is a totally new kind of descrip- 
tion different with CM (including statistical mechanics) 
and also Relativity. Thirdly, scope can bring new ideas. 
For instance, the wave function and superposition prin- 
ciple can also be used in the mesoscopic and macroscopic 
scales, that is, the concept of scope is universal, cannot 
be restricted by the scale. Also, QM may not rely on 
the Hilbert space, since scope itself can form a kind of 
space, also there can be other kinds of space, e.g., tangnet 
36], relating to quantum information and entanglement. 
Forth, another point, the concept of scope may have new 
indication of the basic ideas of nature and philosophy, 
e.g., it means every object has finite ability of motion. 

This work is divided into four parts. In Sec. [TTl we 
start from the concept of openness, which is central for 
QM, to clarify several basic physical ideas. In Sec. IIII1 we 
introduce the new concept of "scope" , from which we dis- 
cuss the physical meaning of superposition and entangle- 
ment, and to address the foundation of QM. In Sec. IIV1 
we study several kinds of quantum states, and we analyze 
the degree of entanglement and information. Several top- 
ics are discussed in the appendix. One is the differences 
between scope and other existed methods, where we state 
that the concept of scope has never been proposed before. 
Another one is the model for the reduced entanglement, 
by comparison with the two-body problem in CM. Last, 
we study the physical meaning of entanglement measures 
at present, like negativity, relative entropy of entangle- 
ment. In Sec. El we conclude and discuss briefly the 
physical roles of scope in the foundation of QM. 



II. OPENNESS 

In this section, before the study on the concept of scope 
and entanglement, we show that the concept of openness 
is fundamental in QM. Openness means that the quan- 
tum object cannot be separated from the outside world, 
and the basic subject in QM is the open system, just the 
opposite of CM HI]. The physical reason for openness 
is the existence of quantum coherence. We show that all 
the basic equations in QM demonstrate the openness and 
coherence. 



A. Coherence 

The quantum coherence leads to many crucial facts, 
such as the double-slit interference, coherent and 
squeezed state of light, also the Heisenberg's uncertainty 
principle, etc. Relating to measurement, the uncertainty 
principle states that any measurement disturbs the state 
of the quantum system, since the coherence is disturbed. 
On the contrary, the nature light from sun is not coher- 
ent as it is a kind of mixture. In CM, there is no co- 
herence, which is the main distinction between quantum 
and classical dynamics (36|. Usually, in QM the method 
of density matrix [37| is employed to capture coherence, 
which is represented by the non-diagonal elements. A 
diagonal density matrix is said to be classical as the co- 
herence vanishes. In QFT, there exists coherence since 
the quantum field itself is the coherent entity, such as 
vacuum, electromagnetical field etc, although the den- 
sity matrix is not often used. "Coherent" means that 
the field as a whole has fixed amplitude and phase. The 
micro-particles, as the excited state of field, have coher- 
ence since interactions between them are due to the field. 
The facts of particle creation, classicality, and decoher- 
ence lead to the degeneracy of coherence, yet, particle can 
go back to its ground state via the annihilation operator, 
thus, re-excite the coherence [38ll39j. 

In addition, we note that the standard QM does not 
focus on the properties of field, e.g., the creation and 
vanish of particles, also the origin of ensemble, which we 
will discuss below. 



B. Ensemble 

In QM, there was the argument that whether quantum 
theory describes the dynamics of the single system or 
the ensemble 15j. According to the standard QM, the 
existence of ensemble is a priori fact. For instance, in 



the double-slit interference experiment, the ensemble of 
electrons is used, the electrons are viewed as identical, 
and the state of electrons are the superposition of two 
modes corresponding to the two slits. Here, QM cannot 
explain the origin of the ensemble; in contrast, QFT can 
give the creation-annihilation picture of the ensemble of 
electrons. The quantum states of each electron before 
entering the slit are not necessarily orthogonal, and there 
exists field among the electrons, that is, the existence of 
ensemble does not mean there is no coherence. 

Yet, the methods of QM are believed as universal .13], 
thus, it should provide the physical picture for ensemble. 
Recently, there are efforts to indicate the quantum origin 
of ensemble via entanglement [40L l4l| . It is shown that 
the system within the coherent universe behaves as the 
canonical ensemble, as if the universe were in the mixed 
state, in which each pure state has the equal probability. 
Physically, there can be kinds of coherence and decoher- 
ence processes in QM, which relates to the distinction 
between the fine-grained and coarse-grained description 
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of states of the system [38| . We will further analyze this 
in the study of density matrix below. In addition, we 
note that the concept of ensemble is similar to "mix- 
ture" , which is also widely employed in QM. However, 
the "mixed state" is not an exact expression, e.g., it does 
not indicate the state is of one single object or many 
objects. We view mixture as the classical concept. 

C. Openness 

The coherence indicates the openness of quantum dy- 
namics. Here we show that the basic equations of QM 
all demonstrate the openness. The Schrodinger equation 
iH\ty) = H\*&), where \^f) is viewed as the pure state 
vector of the system, from which the eigenstate and the 
eigen-energy can be deduced. The single quantum system 
can be, e.g., one electron, field, or ensemble of electrons, 
as long as there exists coherence. Here, "single" is dif- 
ferent with that in CM, where the system is labeled by 
mass. The wave function has the property of holistic, 
and we can say that the system is "open inside". Now, 
for Schrodinger equation, it is easy to get the following 
equations 

tfi|*)<*| = w|*)<*|, (i) 

-ih\V)($\ = \V)(V\H\ 

where Hamiltonian H = T~0 . Let the density matrix (or 

statistical matrix) p = |*)(*|, and p = |*}(*| + |*)(*|, 
then 

ihp=[H,p], (2) 

which is the Liouville equation. 

In reality, it is often impossible to get the wave func- 
tion, i.e., to collect all the information of the system. 
This can be described by the well-known U = S + E 
model, where the universe IA contains one system S em- 
bodied by one environment E. The wave function dis- 
tributes across S and E. According to the method of 
entanglement and Schmidt decomposition [42| : 

I*} =£>| Si )k), (3) 

i 

then the density matrix 

p = ^A i A*| Si )|e i }< Sj |<e i |, (4) 

where coherence is the non-diagonal elements. The state 
of the system is deduced by tracing out the environment 

p s =tT E p = ^2\f\s l )(s. l \, (5) 

i 

with (si\sj) = Sij, which is often viewed as the origin of 
the classical measurement results. 



Further, interestingly, the wave function can also be 
written as 

k 

then the density matrix is 

P = ^2pk\ipk)(tpk\, (7) 
fc 

where the set {IV'fc)} is also wave function, thus, not nec- 
essarily orthogonal, and the parameters jk are complex, 
with |7fe| 2 = pk- The state in Eq. © is the "wave func- 
tion of ensemble state" (WFES), the detailed properties 
are discussed in Appendix [X] 

This decomposition is coarse-grained, i.e., each \ipi) 
can further be decomposed as the superposition of or- 
thogonal states. In the ensemble, each party has the 
property of openness that there can be (but not neces- 
sarily) coherence between any two of them. 

Last, another well-known form is the Wigner function 
: in the quantum phase-space, which is often written 
as 

W(q,p,t) = ^ J dxe-^'tpiq-xSMq + x,*), (8) 

where the integral is across the whole space. There exists 
a whole class of distribution functional, with the Wi gne r 
function as the simplest and straightforward one [44j . 
Here, in the phase-space, the system is represented by 
the coordinate and its movement is momentum p. Con- 
trast with classical method, in Wigner function, there ex- 
ists another coordinate x, which is integrated out. The 
physical meaning is that the effects of the outside world 
(environment) should be deleted (tracing out), so that 
we can confirm the existence of the system. From this 
point, we can say that the phase-space approach in QM 
is also natural since it captures the essence of openness, 
the negative value of W is one expression. 

To sum up, in this section we show that the existence of 
coherence is central for quantum behaviour, which results 
in the openness demonstrated by all the basic equations 
of QM. We note that here we do not study the detailed 
properties and classifications of quantum coherence. In 
the next section, we will further show that quantum co- 
herence and the property of openness can be based on 
the new concept of "scope" , and from which, we will an- 
alyze the direct physical meaning of the wave function 
and also entanglement. 

III. SCOPE 

In this section, we study the foundation of QM from 
the concept of "scope" . Briefly, scope, or quantum scope, 
describes the "structure of motion" , which means the ac- 
tion region of the motion, and the correlations among 
states and observable, rather than the casual dynamics, 
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neither the structure of matter, nor matter. By compari- 
son, according to CM, the object, labeled by mass to, as- 
sociates with a certain force, satisfying F = ma. Here, in 
QM every motion has a certain scope. The wave function 
is indeed the scope of the quantum dynamics. Further, 
the concept of scope is not restricted within QM, it is the 
universal method, and it has the connections with other 
methods, such as Relativity. 

Below, we present the theorems and properties of 
scope. Before that, we first note two points. Firstly, 
the concept of scope is in consistent with QM, since it is 
directly based on QM. Secondly, scope can give physical 
meaning to wave function and also superposition, then 
complete the basic principle of QM. 



A. Theorems 

Firstly, we present the theorems relating to scope it- 
self, we state that the principles of superposition and 
entanglement are universal. 

Theorem 1 Every motion has one scope S. 

Here "motion" includes the condition when the ob- 
served velocity of one object is zero. Strictly, there is no 
object at rest. Scope S belongs to the motion of a cer- 
tain object, not the object itself. The concept of scope 
describes the ability of motion in a systematical way. 

Theorem 2 Scope S is composed with state ipi and its 
weight a>i, where \(ipi\ipi')\ > 0, i = 1,2, ...n, n decides 
the space of S, labeled as S n {ai\ipi)} . 

The concept of "state" originates from QM and statis- 
tical physics, ipi can be a vector in the Hilbert space, or 
the point in the Tangnet space |36| . Within one scope S, 
there can be many physical states ipi. One motion can 
only be in state within its own scope. 

The principle of superposition has two parts: 

• The principle of superposition of scope S: 
The scope of motion can be expressed as the super- 
position of all the states within as 

n 

S n = y^^ajipi. (9) 

i 

There is a set of POVM "active operator" A which 
associates with iS and satisfies 



Ai satisfies 

(S\Ai\S) = a i {S\1> i ) = M 2 , (11) 

which means |ck^ | 2 is the eigenvalue of the "activer" Ai- 
This is the alternative of the "probabilistic interpreta- 
tion" of the coefficients |«i| 2 in QM. 
Also 

£<S|A|S> = (S\ A|<S) = 1 = ^ M 2 , (12) 

i i i 

which means all the states are acted out, that is, 
the whole scope S is realized J2i(S\-A-i\S) = 1, thus 
Si \ a i\ 2 = 1- This is the origin of the "normalization 
regulation" . From the probabilistic view, it means the 
sum of all the probabilities equals to 1. 

And, (A l + Aj)\S) = ai\ipi) + otjl^j) = (Aj + 
Ai)\S);AiAj\S) = 0,AiAj = 0,i ^ j;Af = A t . Also, 
there exists the "anti-active operator" 1-Ai = V,; . We do 
not study the active operator in detail here. 

• The principle of superposition of state lip): 

The state of motion can be the coherent superpo- 
sition state as 

i^> = Efti^)'Ei^i 2 = 1 ' ( 13 ) 

3 j 

where normalization means the norm of a state vec- 
tor is 1, which is the result, yet not the same with 
the property of scope. Note that the superposi- 
tion for mixed, pure, also classical states are all 
included. 

Theorem 3 There exists entanglement between two or 
multi- scopes. 

The entangle process E for two systems ^ n {di\tpi)} and 
&m{bj\4>j)} can be written as 

e= |*„>oo|$ m ) ^E- 4 *^!^)}^^!^)}- ( 14 ) 

We note that the analysis can be generalized to multi- 
systems directly, here we focus on bi-party system for 
clarity, oo represents the entangle process. 

There are two parts of the principle of entanglement: 

• The principle of entanglement of scope S: 
The entangled scope of motion can be 



Ai\S) = oii\ipi},i = 1, 2, ...n, 



(10) 



which means Ai can act state \ipi) out from scope 
5. Here, we employ Dirac's "bra-ket" symbol 451. 



i{n,m} 



s= J2 ^i^i^/./E* ( 15 ) 



where the sets of relative states [l3| an d 
{I'Aj')} correlate with each other one-to-one, which 
can be labeled as the "1-1 branch" rule. The details 
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which \ifji) is the relative state to \4>j) is determined 
by nature, e.g., the interaction. 

There also exist the set of active operator A% = 
Af €5 Af , which satisfies 



A\S) = a^lx,)/ /£>f6?, (16) 

i 

Y^(s\ms) = i, 

i 

where the branch |^) ® \<pi) = \xi)- 

• The principle of entanglement of state 
The entangled state can be a part of the entangled 
scope 



I*) 



E 



(17) 



Three kinds of states have to be classified: (1) 



if (Xi\Xj) 



the state is truly entangled; if 



KXt|Xi')| — 0, the state is separable, the same as 
the usual form in Eq. (l29l) ; this means the separa- 
ble state is also the result of the entangle process of 
scope thus containing quantum information as we 
will show below; (3) if i = 1, the state reduces to a 
simple product state. 

In reality, the branches within the entangled scope are 
not all necessarily realized, thus, the entangled state is 
the fragment of the scope as long as satisfying the nor- 
malization rule. 

In addition, there may be interactions during the en- 
tangle process, however, entanglement describes the in- 
formation transition or coherent correlations between dif- 
ferent systems, instead of the energy transition. We will 
define the degree of entanglement £ in Sec. IIVC1 

Next, relating to QM, particularly the dynamics of the 
scope and state, there are two theorems. 

Theorem 4 There exist representations, corresponding 
to different complete sets formed by the commutative ob- 
servable, labeled as "the scope under representation" . 

In QM, the physical reason for representation is that 
there exist different complete sets, which is demonstrated 
by Bohr's complementarity principle [35j. We note that, 
according to the consistent history approach [13], there 
exist several frameworks, which also satisfy the comple- 
mentarity principle. This theorem indicates again that 
the concept of scope is the systematical, instead of ca- 
sual, description of the potentiality and structure of the 
motion. 

Theorem 5 There exist pictures, corresponding to dif- 
ferent frames and time choice. 



There are three basic kinds of pictures as follows: 

• The frame is set on the motion itself : Schrddinger 
picture. 

The scope '3/ (can also be labeled as S) satisfies the 
Schrddinger equation 



^9* 

tH lH =n *> 
where % is the Hamiltonian. 



(18) 



The solution of this equation is the "structure of the 
motion". Here, "i" means the change of space rather 
than the evolution of time [46[. In fact, "f" means the 
"gradually evolving of the scope" . The dynamical vari- 
ables do not change with time. 

We mention that in quantum cosmology, Eq. (|18|l be- 
comes H^f = 0, where the Hamiltonian includes the grav- 
itational field plus all matter sources in the universe, the 
external timing parameter t vanishes naturally [l7| j . 

• The frame is set external: Heisenberg picture. 
The dynamical variable A(t) satisfies 



ihAlt) = -[H,A(t)}, 



(19) 



which means the change of dynamical variable in 
different states within the fixed scope. 

• The frame is set in-between: Dirac (interaction) 
picture [Hj]. 

= e mot / h ^ s (t), Ai(t) = e mot / n Ase- iHot / n , 
satisfying 

*n*j(t) - «j¥j(t), (20) 
ihAi{t) = -[H,Ai(t)}, 

where H = Ho + W . 

The existence of pictures and the problem of the ex- 
ternal parameter t reveal that scope mostly describes the 
logic structure of the states, from which the commutation 
relations of observable do not change with time. 

Last, we show another kind of property of scope. There 
exist relations between the concept of scope and Relativ- 
ity, which describes the coherent properties of the space- 
time metric of the object. Here, we only present the 
mostly crucial conjecture as below. 

Theorem 6 The scope S can be influenced by mass M. . 

This theorem sets the connection between the motion 
of a certain object and the object itself. It means that ob- 
jects with different masses can not have the same scope. 
Every scope is unique. Also, the shape of scope is not 
regularly euclidian. In general, it is topologically non- 
euclidian. Please see the geometrical properties 1 — 3 of 
scope below. 
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B. Properties 

In this subsection, we study some properties and con- 
sequences deduced from the theorems above of scope. 

Property 1 Scope S has a certain geometrical shape. 

The number of state n can not be zero. The states 
within the scope can form certain shape. For instance, if 
there is one single state, n=l, the corresponding shape 
of scope is just a point (in geometry). If n=2, the shape 
is one segment line, straight or carved, with a certain 
length. If n=3, the shape is one triangle face, with a 
certain area. If n=4, the shape is one tetrahedron. If 
n — » oo, the shape is one ball. We should state that 
the shape is in the three-dimensional space, euclidian 
or non-euclidian, different from the shape in the high- 
dimensional space, such as the Hilbcrt space. The shape 
not only has the "shell" with boundary and face, also it 
has inner structure. Particularly, when n — > oo, if we 
neglect its structure, the ball can be viewed as one point. 
This is the alternative of the "classical limit" of the or- 
thodox QM by taking h — > 0. 

We note that the geometric properties of quantum 
states are under research, see Ref. [47j for instance. 

Property 2 Scope S has a certain magnitude. 

The magnitude is defined as the length (or the area, the 
volume) of its shape. To calculate, we have to specialize 
the "distance" between different states. For instance, we 
can use the energy E to define the distance T>, such as 
V(il>i,1> j ) = \E i -Ej\. 

The magnitudes of S of different movements should be 
different, since they have physical meanings. The bigger 
the magnitude, the better the ability of the motion, thus, 
the more "freedom" in the scope S. The magnitude is 
not necessarily equal to one, which is different with the 
normalization condition. 

Property 3 One particular scope S has its own space- 
time matric. 

This is the direct result of Theorem 6. When the effect 
of mass is not obvious, we can set the space-time matric 
of different scopes the same with each other, which is 
another kind of classical limit, or the low-energy limit. 

Property 4 The Scope S has the properties of "reality" 
(actuality) and "propensity". 

When Ai acts, the certain state \ipi) is realized, from 
potential to real, and the scope S "gradually evolves to 
its whole form" . There is the transition between reality 
and propensity. Actually, the two aspects of scope were 
studied a long time ago by Aristotle in the ancient Greece 
[48j . The method was mostly ignored and was claimed 
as "metaphysical" useless for physics. Yet, the idea of 
propensity has gained quite a lot of attentions in recent 
years [H, [H, . 



The concept of S manifests that QM is the systemati- 
cal description of the structure of movement, which is to- 
tally new compared with the classical dynamical method, 
from which the "local realism" Q originates. Thus, we 
view the critics based on local realism as the misunder- 
standing of the essence of QM. Here, we do not discuss 
the problems of local realism and nonlocality in detail. 

Also, there is no "collapse" [l2j]. Collapse means that 
when there is measurement, the state collapses from su- 
perposed state to the eigenstate. Or, some others view 
the collapse happens in our knowledge [5Q |. In fact, with 
the process of decoherence JE}, when the initial state is 
superposed, it decoheres instead of collapse when there 
is measurement or environment. 

Property 5 Measurement is a process of entanglement. 

This is a simple result of the fact that the apparatus 
also has one scope with the states relative to the observed 
system. The measurement process is the disturbance of 
system to apparatus (or environment) [5j . The measure- 
ment problem in QM , as well as the observe effect in 
Relativity, can be well explained with the method of en- 
tanglement, and the change of our knowledge is another 
story 50]. 

Property 6 There are mainly two kinds of states: time- 
quasistatic (Tq) state and ensemble- is otactic (Ei) state. 

At present, there is no unified classification of quan- 
tum states. Briefly, there are many kinds due to differ- 
ent criterions, such as separable/entangled, pure/mixed, 
local/non-local states, etc. The non- unification just in- 
dicates that the underlying physical reason for the clas- 
sification is not clear. 

We give a new classification as follows: 

• onefold state 

— eigenstate 

— superposed state 

* time-quasistatic (Tq) superposed state 

* ensemble-isotactic (Ei) superposed state 

• multifold state 

— factorizable state: product, separable, etc 

— entangled state 

* time-quasistatic (Tq) entangled state 

* ensemble-isotactic (Ei) entangled state 

Firstly, state is differentiated according to whether it 
is a multifold (many-body) state. For a single object, its 
state is onefold state. There can be superposed state ac- 
cording to the principle of superposition. For multifold 
system which contains several inner parts, the state is 
multifold state, and there can be entangled state. The 
separable state can be viewed as a kind of factorizable 
state, which we will study in the next section. The 
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(a) (b) (c) 



FIG. 1: The diagrams for the single quantum state (a), prod- 
uct state (b), and ensemble- product state (c). The circle 
stands for the scope, and the points within stand for the or- 
thogonal eigenstates (the total number is assumed to be d, 
thus, qudit). The correlation between scopes or states is de- 
picted as straight line (string). 



distinction of time-quasistatic (Tq) state and ensemble- 
isotactic (Ei) state bases on the theorem of ergodicity 
of statistical physics and the principle of identity in QM 

For example, the double-slit state of the electron (or 
other particles) is the Ei superposed state, which char- 
acterizes the electron ensemble. In this state, for one 
particular electron, it can only pass through one slit at 
one time, thus, the state of a single electron is not super- 
posed. Another example, as we know, we can use laser to 
control a certain two-level atom, and drive it to the so- 
called Rabi oscillation [52| . This is the Tq state, the pop- 
ulation transfers from one state to another periodically. 
The famous Bell basis are the Ei ent ang led state, such as 
the light source from type-II SPDC [53| in the teleporta- 
tion experiment, describing the ensemble of photons, the 
state of one photon is not entangled or superposed. An 
excellent example of Tq entangled state is the electrons 
forming the chemical bonding in the molecules. 

The difference between (Ei) state and (Tq) state is the 
"inner" dynamics of the state itself, thus, this kind of 
definition is obviously not mathematical. However, in 
our study below, we do not care about this difference 
without loss of generality. 



IV. ENTANGLEMENT 
A. General remarks 

QM often deals with the properties of many-body (in- 
stead of single or infinite) system. To characterize the 
quantum features, at present, there exist three wi dely 
studied methods: nonlocality Q, nonclassicality [54j . 
and entanglement (55| . Traditionally, nonclassicality was 
introduced in the quantum phase-space in the context 
of Quantum Optics. The state of light, e.g., squeezed 
light, contains nonclassicality compared with the coher- 
ent light, which sets the boarder between quantum and 



classical states. We note that the continuous variable 
(CV) system in phase-space can be translated into the 
Fock space, from which the entanglement can be defined. 
Interestingly, after the seminal work of EPR Q and Bell 
Q, the nonlocality of entangled state was demonstrated 
with nonclassical light [56[ , where the three methods are 
all involved. In this work, we do not intend to analyze 
the relations of them; instead, we focus on entanglement 
relating to superposition and the concept of scope. Part 
of our study on entanglement has been presented in Ref. 
[3tjj . We will study the physical role of entanglement in 
various quantum states, and the degree of entanglement, 
also we compare with different entanglement measure in 
Appendix [DJ 

Entanglement is widely studied in QIQC, and it is be- 
lieved to be the key for information processing and com- 
puting. However, entanglement is not indispensable. In 
quantum cryptography, the BB84 does not rely on en- 
tanglement [57] : instead, particularly the B92 protocol 
shows that it is the nonorthogonality (also no-cloning) 
that ensures the security of the key [5a|. The recently 
studied continuous variable (CV)-quantum key distribu- 
tion (QKD) [SI] and decoy-state QKD [6(J, also do not 
rely on entanglement, which indeed are the improvement 
of the BB84 protocol. This indicates that the quantum 
nature of information acts even when there is no entan- 
glement, i.e., the quantum information does not neces- 
sarily depends on entanglement. In quantum computing, 
the well-known QDC1 model is shown not directly rely 
on entanglemen t 1611 ; instead, the quantum discord plays 
the central role [62] . In another line of research, there are 
attempts to build QKD on the foundation of nonlocality 
and nonlocal box, where entanglement does not play the 
central role [H, |6Jj. 

The examples above indicate that entanglement is 
not such quantity viewed from the information-theoretic 
framework (ITF), which is the theoretic paradigm or the 
world view correlating with the research of QIQC to re- 
consider quantum theory and its foundation from the in- 
formation point, where information is believed as phys- 
ical and fundamental [29|, l64Tj66} . On the contrary, es- 
pecially from the concept of scope, entanglement is the 
direct generalization of superposition, not necessarily re- 
lated to information (entropy), physically. The original 
CV-entangled state of EPR |9[ and (discrete variable) 
DV-entangled state of spin of Bohm lj do not relate 
to information. The analysis of Schrodinger just reveals 
that information can be effected by entanglement [ro| . 
Also, entanglement does not only play roles in QIQC. 
For instance, in quantum chemistry, entanglement plays 
roles in the formation of molecules and chemical reac- 
tions. Further, the so-called "quantum information" is 
quite misleading, as the Zeilinger's principle [67| states 
that there is no quantum information, there is only infor- 
mation processing with quantum sources. That is to say, 
information can be effected by the quantum features, in- 
cluding nonorthogonality (superposition), entanglement, 
also nonlocality and nonclassicality. 
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(a) 



(b) 



FIG. 2: The diagrams for the entangled qudit (a), and de- 
cohered qudit (b). The straight lines (string) stand for the 
correlation, the dashed lines stand for decohered correlation. 




FIG. 3: The diagrams for the separable state (a), ensemble- 
entangled qudit (b), and ensemble-decohered qudit (c). 



B. Quantum states 

In this section, we will systematically study the quan- 
tum correlations of the bi-party system, the results for 
the multi-party system will be presented in other places. 
Also, without loss of generality, we assume here that the 
branches within the entangled scope are all realized, i.e. 
mathematically, the entangled state is the same with the 
entangled scope. Relating to the analysis in Sec. Ill Bl 
the entangled state can be realized both for single quan- 
tum system and the ensemble of quantum system. The 
quantum states we analyze include: 

• product state; entangled qudit; decohered qudit; 

• ensemble-product state; separable state; ensemble- 
entangled qudit; ensemble-decohered qudit. 

For clarity of the physical picture, we develop a kind of 
diagram to represent the scope. As shown in Fig. QJa), 
the circle stands for the scope, and the points within 
stand for the orthogonal eigenstates (with number d). 
The correlation between scopes or states is depicted as 
straight line (string), the dashed line stands for decohered 
string. The states we consider are shown in Fig. [H3]. 

Product state. As well-known, product state contains 
no correlation. Here, we can describe three kinds of prod- 
uct states. Suppose the two sub-systems are A and B, 
with orthogonal eigenstate {Ai} and {Bi}, respectively. 



(a) . The state \Ai) <g> \Bi) is product state. 

(b) . The more complex product form is 

Pp = PA <8 Pb = \iPa)(iPa\ <8> \iPb)(iPb\, (21) 

where | Vm) = Yli a >i\Ai), I^b) = Y,ih\Bi). We note that 
the states for A and B are not ensemble. This product 
state is shown in Fig. [IJb). 

(c) . The third kind is the ensemble-product state, 
shown in Fig. HJc). The wave functions of the systems A 
and B can be written as 



I'M = $>eli/f>, 



(22) 



which is the coarse-grained decomposition, since there 
exist the sub- wave functions = J2i a i\Ai), = 

Ei&flA), and generally (ip£ {B) \ip£, {B) ) # 0. With p c = 
|7^| 2 , the density matrix can be easily written as 



PA 



PB 



E^ivfxvfi 

s 



The ensemble-product state is 

PeP = Pa® Pb = C^PiPf) 



Ewe- 



E^f 



(E^f)- 



(23) 



(24) 



The state p e p contains quantum information, although 
there is no entanglement. There is coherence for the 
p£ and p^ 1 , that is, there can be decoherence process. 
The result of the decoherence is that the local state 
of A and B become pf = J2ii a i) 2 \ A i){ A i\> and pf = 
E i (6^) 2 |Bj)(i?i|. Yet, the global state p ep remains as 
product. 

Entangled qudit. The general form of the entangled 
qudit is written as 



I*, 



EjOAkM g \Bj 



and the density matrix is expressed as 

Y*jW\i\M)lM®\Bi)iPi\ 



PE 



2 



(25) 



(26) 



with rji = aibi. 

The state pe, shown in Fig. Ufa), can be viewed as a 
part of the product state pp in case (b) above, by select- 
ing out the branches according to the permutation sym- 
metry. The coherence of the state pe is represented by 
the non-diagonal elements. When decoherence occurs by 
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some disturbance, the state pe becomes diagonal, which 
is said to be classical. The decohered (classical) qudit is 

i i 

- E^W/E^ 2 - ( 27 ) 

i i 

Let pa = J2i a iPt' Pb = Sj^iPfi an d introduce the 
parameter pi = rjf / J2i Vi ; then 



PD 



E^ 



(28) 



which is separable. That is, for the single decohered qu- 
dit, it is classical as well as separable. This state is shown 
in Fig. Hb). 

Separable state. The well-known separable state (68j 
in Fig. 0(a) is defined as 



Ps 



Y.PZPf 



pf ' 



(29) 



with the normalization relation X^P? = 1- 

We show that the separable state ps is the analogy of 
entangled state pe, except that the former one employs 
the coarse-grained decomposition, while the latter one 
employs the fine-grained decomposition, i.e., the eigen- 
states are orthogonal. The decomposition is the same 
with those in equations (|22|) and (|23|) . Then equation 
can be written as 



^pdT, a Ui*\^)(M)®(T, bS rnbi*\B m )(B n \), 



PS 



f k.l 



(30) 

which is the analogy of equation (f2l>|) . 

The ensemble (sets) {\ipf}} an d are not clas- 

sical, while the ensemble {|^4i)} and {|-Bi)} are classi- 
cal. This reveals that there exists quantum information 
in the separable state. Then, when the separable state 
goes to the classical state? Consider the case when only 
one eigenstate each is acted out, that is d = 1, and also 
let (ipf^l'ipfi^) = 0. Then the density matrix ps in 
equation (j3"01) becomes the same with the classical state 
Pe in equation (|2T|) . We can label this as the "classical 
reduction procedure" . 

Let us give a simple example of the 2 ® 2 system. It is 



reasonable to set {ipf^) = 
then the separable state is 



, and \tp, 



A(B), 



PS 



which is also classical. 



'Pi 





pi 



(31) 



Generally, when d ^ 1, the separable form of the den- 
sity matrix does not rely on the local coherence within p^ 
and p^ , which just indicates that there can be quantum 
information in the separable state. 

Ensemble- entangled qudit. The ensemble of entangled 
state is often studied in QIQC, such as the ensemble of 
Bell's state. For single entangled qudit, it can be written 
in the Schmidt basis as 



hfc> = X)A£l^>l s <>> 



(32) 



with ) 2 = 1- The density matrix of this ensemble 

can be expressed as 

PeE = J2p^)(^\ (33) 
S 

= E^E A ^>i s «>E A f (^k^i 

C i 3 

¥= ps- 

The ensemble-entangled qudit is shown in Fig. EJb). 
It is easy to see that when applies the classical reduction 

procedure, d = 1, and (ipf l^pf^) — 0, the state p e E 
reduces to classical and also separable. 

When decoherence occurs, each entangled qudit be- 
comes classically correlated, and the ensemble-decohered 
qudit is 



PeD 



= Ep«E( a ?) 2 i^>^i®i^>^ 



(34) 



which is classical but not separable, shown in Fig. [3jc). 

Further, to make the distinctions of the quantum states 
clear, we can classify four kinds of correlations: entan- 
glement, decohered classicality, nonorthogonality, and 
coarse-grained classicality. The quantum characters in 
the states we studied are different. In the single entan- 
gled qudit, the entanglement is the global shared coher- 
ence, there is also the classical correlation. For the deco- 
hered qudit, the shared coherence disappears, thus there 
is only classicality. The ensemble-entangled qudit, which 
relies on the coarse-grained decomposition, contains an- 
other kind of shared coherence due to nonorthogonal lo- 
cal states, namely, (ip^^ \ipti ) ^ 0, we name it as 
nonorthogonality. Correspondingly, there exists another 
kind of classicality, via the parameter pj, instead of the 
correlations of the eigenstates between A and B. We 
name this kind of correlation as coarse-grained classical- 
ity, and the former one as decohered classicality. From 
this analysis, we can briefly present the main characters 
of quantum state in TABLE I. 
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TABLE I: The main characters of the quantum states. The four kinds of correlations are shown on the left, the six kinds of 
quantum states are shown on the top. ^/ (x) means the corresponding state has (does not have) the corresponding correlation. 





qudit 


decohered qudit 


ensemble qudit 


ensemble-decohered qudit 


separable 


ensemble-product 


entanglement 


V 


X 


V 


X 


X 


X 


decohered classicality 


V 


V 




V 


X 


X 


nonorthogonality 


X 


X 




V 


V 


V 


coarse-grained classicality 


X 


X 


V 


V 


V 


X 



C. Degree of superposition and entanglement 



Definition 2 Degree of entanglement £ . 



In this section, we study superposition and entangle- 
ment quantitatively. Before our analysis, we note that 
the superposition and entanglement are both due to 
the existence of coherence, local and global (shared), 
respectively. Entanglement is not the quantum infor- 
mation; instead, the classical information (correlation) 
can be effected by the entanglement (shared coherence), 
thus, the so-called "quantum information" . We can say 
that entanglement and quantum information (entropy) 
are the two related kinds of characters of the entangled 
state. Below, we present the definitions of the degree 
of superposition, entanglement, and nonorthogonality, 
which all relate to the quantum coherence. 



Definition 1 Degree of superposition e. 

For a superposed state vector \^) = X)™ a «l' ! /'j)> where 
Y^i |ai| 2 = 1, {ipil^j) — 0, the degree of superposition 



s = ^2 \a,i\\aj\. 



(35) 



Notice that, by introducing the Z 2 -norm as ||a||; 2 = 



Y^n\ a i\ 2 i tnen tne ^l-norm is ||a||j 1 = Yh \ a i\i tnus > 
£ = adHI? — IMIb)- This indicates that the Zi-norm 
has physical meaning, i.e., describing the degree of su- 
perposition. 

Let us show some examples. When n = 1, e = 
0. n = 2, |*) = ai|^i) + a 2 |V> 2 ), £ = \a%a 2 \, and 
Max(e)= 1/2 when |ai| = \a 2 \ = l/V%- n = 3, 
|*) = ai\ip 1 )+a 2 \'>p2}+a3\ip3), £ = |aia 2 | + |a2a3| + |aia3|, 
and Max(e)= 1 when |ai| = \a 2 \ = |a 3 | = l/-\/3- Then 
generally, for n = 4,5,..., Max(e)= 3/2,2,... etc. That 
is, for n, the maximal degree of superposition e is ^^-^ 
and the minimum approaches to zero. If there are more 
eigenstates in a superposed state, then the degree of su- 
perposition it can get is bigger. It means, physically, that 
although a state vector in the Hilbert space has to be 
normalized, the degree of superposition is not a relative 
quantity, it characterizes the amount of coherence. 



For a general entangled state with m subsystems 
n ® n ® ... ® n with each n- dimensional: = 
y*. Ci\ipiiip2i...ipmi) , the degree of entanglement 



C? Cj 



(36) 



%<3 



The same with the degree of superposition, we can get 



£ = 



\c\\h)- 



Our definition 2 is similar with negativity (see Ap- 
pendix |D|), thus, we do not present the proof of the 
entanglement monotone (55j . which states that the en- 
tanglement cannot increase under the local quantum op- 
eration and classical communication (LOCC). According 
to our understanding based on scope and coherence, the 
LOCC constraint is the property of quantum informa- 
tion (entropy) instead of entanglement (globally shared 
coherence). Yet, it is easy to check that entanglement 
obviously satisfies the LOCC constraint since the quan- 
tum coherence cannot be created via classical way. The 
definition 2 defines entanglement in a positive way. As 
a result, the LOCC constraint is not sufficient to define 
entanglement, and not all non-separable states are en- 
tangled (Sec. ITVBl . 

Next we study some basic applications. We assume the 
coefficients are all positive, without loss of generality. 

For 2 (g) 2 system, if 



|*A> = ai|V>i) + a 2 \ip 2 ), £A = aia 2 , 
|*b) = h\ipx) + b 2 \^ 2 ),E B =&1&2- 



(37) 



Label = |1), \ip2) = |2). There are two kinds of 
entangled state according to the nature of the branches 
(strings). If |1(2)) of A correlates with |1(2)) of B, it is 
named as "direct" (| if 1 1(2)) correlates with |2(1)), 
it is named as "cross" (l^c))- 



Ojjijll) +a 2 6 2 |22) 
y/a{b\ + a{b\ 

ai b 2 \12) + a 2 b 1 \21) 
^Ja\b\ + a\b\ 



(38) 
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and the degree of entanglement 

aia 2 bib 2 



then 



So = 



(39) 



a\a 2 b\b2 
albl + albV 



= 1. 



generally, £ d ^ £ c . 

After some algebra, we can get 

£a£b £a£b 
£d £c 

Introduce the reduced degree of entanglement 

g-f £d£c 

£d + £c 

then we can get the fundamental relation 
£ f = e A e B - 



(40) 

(41) 

(42) 
1/2, 

*„) = ^(|11) + |22)), |* c ) = ^(|12) + |21)), £ d = 
£ c = 1/2, and £^ = 1/4. This is the maximal condition 
for the qubit. 

In addition, for the reduced degree of entanglement of 
the qubit system, we will further study the physical prop- 
erties by comparing to the classical two-body problem in 
Appendix 

For 2 ® 2 ® 2 system, if 



When a\ — a 2 = &i = b 2 = V%/2, ea = £b 

2 V.|-"-V ' "C/ - 2 



l*B) 



a\\i>i) 
ci\tpi) 



- a 2 \ip2),£A 

■ b2\i> 2 ),£B - 

■ C 2 \lp2),£C : 



aia 2 , 
hb 2 , 

C\C 2 . 



(43) 



(47) 



For the maximal condition, when all the coefficients 
equal to \/3/3, £a = £s = £c — 1/2, £i = £ 2 = £3 = 
£ 4 = 1/2, and £t = 1/8. 

Generally, for 2 ® n system, the maximal reduced en- 
tanglement is £^ = 1/2™. This means when we add the 
numbers of systems to be entangled, the reduced entan- 
glement becomes smaller and smaller, that is, the entan- 
glement of the whole system becomes more fragile, when 
one subsystem is disturbed, the total entanglement van- 
ishes. 

For 3 3 system, if 

|* A > = 01 +a 2 \ip2) +03^3), (48) 
|*B> = b^iPi) +b 2 \t/j 2 ) +b 3 \ip 3 ), 

and the degree of superposition 

ea = aia 2 + a 2 a 3 + aia 3 , (49) 
Sb = bib 2 + b 2 b 3 + 6163. 

There are six kinds of entangled state according to the 
symmetry between the branches within the entangled 
state. Here we only give two examples, the other four 
are easy to be drawn: 



l*i> 
1*2) 



ai&i|ll) + a 2 &2|22) + a 3 &3|33) 



2/2 



V a l^l + a 2p2 T" "3 "3 

ai6 2 |12) + a2&i|21)+a 3 &3|33) 



(50) 



\/a\b\ + a\b\ + ajbl 



There are four kinds of entangled state, which belongs to 
the Greenberger-Horne-Zeilinger (GHZ) state (69j : 



\^GHz) 



I* 



GHZ I 



\*GHZ) 



\*GHZ) 



ai&ici|lll) -+ 


-a 2 b 2 c 2 \222) 


^a{blci 


+ a\b\c\ 


ai b lC2 \ll2) + 


a 2 b 2 c x \22\) 


V a i b i c 2 


+ a%bl<% 


a 2 6ici|211) 4 


-ai& 2 c 2 |122) 


V a 2 b i c i 


+ a\b\c\ 


ai& 2 ci|121) + 


-a 2 foic 2 |212) 


V a i b 2 c i 


+ a\b\c\ 



(44) 



and it is easy to write the four degree of entanglement 
(we do not present here), after some algebra, we get 



£a£b£c , £a£b£c , £a£b£c , £a£b£c 



= 1. 



£1 £2 £3 £4 

Also, introduce the reduced degree of entanglement 



£i£ 2 £z£4, 



£i£ 2 £s + £\£ 2 £4 + £\£3£ 4 + <?2<?3<?4 ' 



(45) 



(46) 



The entanglements of these six states have the form £ j 
ai/ Pi. After some algebra, we can get 



1 % 
6 

^"i = 2e A £B- 



For the maximal condition, when cm = 1/3, = 1/3, 
ea = £b = 1, £% = 1. For this bi-qutrit entangled state, 
there is no definite form of reduced entanglement. 

For 4 <gi 4 system, there exist totally twenty-four dif- 
ferent states, each has four branches. The entanglement 
also can be written as £i — oti/Pi,i = 1,2, ...24. We get 
the following equations 



24 



% % 

24 

E ctj = 4ea£b- 



(52) 
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For the maximal condition, when on = 3/8, fa = 1/4, 
£a = e B = 3/2, £ t = 3/2. 

Generally, for n®n system, there are N = n! different 
entangled states, set Si — a>i//3i, we can get the general 
equations as 

N N 

E? = E^ = (»"!)'. (53) 

iV 

= 2(n - 2)!e y i£ B . 

z 

For the maximal condition, when a, = (n — l)/2n, 
A = l/n, e A = es = (n - l)/2, £ = (n - l)/2. That 
is, for the two-party systems, when the number of states 
entangled together increases, the Max(£) also increases, 
like the superposition e. This is reasonable since when 
more states are entangled together, the amount of en- 
tanglement should increase, and the state becomes more 
robust. 

For the higher dimensional systems, the math is a little 
complex, and the physical picture is not so clear. We do 
not analyze them here. Next, we turn to the quantization 
of the four kinds of correlations we defined in the last 
subsection. 

For the entangled qudit, the entanglement is the shared 
coherence, so the degree of entanglement £ can be eas- 
ily calculated, according to the definition [5] above. Also, 
as we have discussed, we can employ different forms of 
entropy to characterize the quantum information. At 
present, the well-known quantities include von Neumann 
entropy, relative entropy, quantum discord, squashed en- 
tanglement, entanglement of formation, cost, and distil- 
lation, etc |70l - [82j | . We will study some of them in Ap- 
pendix |TJJ 

For the decohered qudit, there is pure classical cor- 
relation without shared quantum coherence. Also, there 
exist the complete projective measurements, under which 
the classical density matrix remains 78, 791. The infor- 
mation is characterized by the von Neumann entropy. 

For the four kinds of ensemble state, see TABLE I, 
there exists nonorthogonality. This kind of coherence is 
not globally shared by the two parties A and B, yet, it 
is shared by the local states of A, and the local 

states \ipf) of B. The degree of nonorthogonality can be 
defined as 

<5= E ElWf')!' ( 54 ) 

In the sum, each element is smaller than one, yet, the 
sum can be arbitrarily big even infinity. This is reason- 
able since the quantity of coherence increases with the 
amount of the ensemble. Particularly, we note that the 
separable state contains the quantum nonorthogonality 
thus quantum information, although there is no entan- 
glement. 

The coarse-grained classicality results from the clas- 
sical parameter p^, so the classical information can be 



easily calculated via the von Neumann entropy S — 

Last, we make some comments on the mixed state, 
which, in deed, is a rather broad and rough method. The 
mixed state with purity smaller than unity is a "frag- 
ment" of a global pure state with an unknown part lost, 
thus, it is not easy to decide the exact structure of the 
mixed state. At present, there exist lots of ways to detect 
the entanglement, and different methods can be unified 
with the method of entanglement witness in a way [8lj . 
Yet, even we can find the entanglement, we cannot de- 
cide the structure of the mixed state. That is to say, 
to find how the mixed state is formed is more valuable 
and practical. The six kinds of states studied above can 
serve as some standard or assistant to detect the quan- 
tum correlations. When a mixed state p can be written 
as similar to any standard state, labeled as a, that is, if 
p = Act + (1 — A)p', then the quantum correlation (en- 
tanglement, nonorthogonality, etc) of p can be defined as 
that of a times A. p' can be viewed as the disturbance or 
perturbation to a. This method is similar with the rel- 
ative entropy metho d [76l| and the Lewenstein-Sanpera 
(LS) decomposition |83j j. 

To sum up, in this section, we quantify the degree of 
superposition and entanglement, and also nonorthogo- 
nality. Physically, entanglement is directly based on su- 
perposition, and nonorthogonality is also the result of 
superposition. The four kinds of correlations can be eas- 
ily calculated. 



V. CONCLUSION 

The weirdness of QM is a result of the nature of quan- 
tum coherence, the abstractness of quantum description, 
and the confusions on quantum logic and philosophy. 
The concept of scope, which is exotic for CM, Relativity, 
statistical mechanics, also classical wave mechanics, just 
represents the quantum origin. It describes the possible 
(potential) action region and the systematic and coherent 
structure of movement of a certain object. Superposition 
and entanglement are the natural results of scope with 
definite physical meaning. Also, we discussed the prop- 
erties of four kinds of quantum correlations and the six 
kinds of quantum states, and we show that entanglement 
is related yet different with entropy. Further, the concept 
of scope brings new methods to the standard QM. One 
is that the scope itself has certain geometric features, 
just similar to the matter itself. This may indicate that 
the structure of the motion of the matter is more crucial 
than the structure of the matter itself. The other is that, 
rather than the information-theoretic framework, there 
exists a new kind of space, i.e., tangnet, on which the 
quantum structure with entanglement exists 36]. As a 
result, the concept of scope lays the new starting point to 
the foundation of QM. In the future, further efforts on, 
e.g., the geometrical properties of tangnet, the compari- 
son of scope with other interpretations, also the relation 
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between nonlocality and entanglement, are needed. 

In addition, the physical roles of entanglement in 
QIQC are also widely concerned, we hope our approach 
can bring new ideas on some tough problems, such as the 
bound entanglement [84j , the analogy of entanglement to 
energy or entropy, etc. 

Appendix A: Wave function of Ensemble system and 
Decoherence 

In Hilbert space, one state vector can be decomposed 
via orthogonal basis also non-orthogonal basis. Physi- 
cally, the two decompositions can be endowed with dif- 
ferent physical contents: for single system, there only ex- 
ists orthogonal physical basis; while for ensemble, there 
can be non-orthogonal basis. For example, the spin state 
in one quantum dot can be up or down, or to the left 
or right in the diagonal basis; for a collection of spins 
in quantum dots, the superposed states of spins form the 
non-orthogonal basis. Mathematically, based on the mea- 
surement theory, especially the positive operator-valued 
measure (POVM) j4|, we can see the WFES has the cor- 
responding properties as the wave function of pure state. 

For the pure state \<p) = X^ c «l*)> ^ satisfies: (1) 
Normalization: Xlil c i| 2 = 1> (2) Completeness relation: 
= lj (3) Projective measurement: there ex- 
ist a set of projective operators {p = satisfying 
Pi \(j)) — Ci\i), the expectation value (p) = |q| 2 ; note 
that when the non-projective POVM operator acts on 
the pure state, it cannot distinguish its basis; (4) Proba- 
bilistic interpretation: |c;| 2 means the probability to find 
state \i) with projector Pj; (5) Observable: the expec- 
tation value of observable A is (A) = J2i a i\ c i\ 2 i with 
A\i) = ai\i); (6) Evolution: \(f>) also the basis \i) sat- 
isfy Schrodinger equation; (7) Decoherence: the non- 
diagonal elements in |</>)((A| disappear, leading to state 
p = ^Zi\ci\ 2 \i){i\, each part |ci| 2 |i)(i| forms the clas- 
sical trajectory; (8) Quantum reference frame [8a |: to 
determine the preferred basis the reference frame 

and certain interaction are needed to form the entangled 
state, i.e., the coherence within \(f>) delocalizes to form 
entanglement; thus, by ignoring the reference frame, the 
state \4>) decohered. 

For the WFES, the state in Eq. ©, the properties are 
similar while more complicated. We firstly note that if 
k = 1, it reduces to the pure state case; if the states 
(IV'/c)} are orthogonal with each other, it goes to the 
totally classical (decohered) state. Instinctively, there 
exists one pure density matrix, labeled as g = \^)(^\, 
which is 

Q = ^2lklk'\ipk)(^k'\- (Al) 

k,k' 

To form the density matrix p, the non-diagonal elements 
disappear, with coefficients ^klk'^k, which is actually a 



kind of decoherence. The state g indicates that before 
the formation of the ensemble, there exists one decoher- 
ence process. Physically, the state | stands for the 
"field" of the ensemble, and the ensemble emerges from 
the field after the decoherence process, i.e., the creation 
of particles (3^. Note that here we do not study this 
issue with quantum field theory. We name this kind of 
coherence as sub- coherence, or coarse-grained coherence, 
and the decoherence as sub- decoherence. To arrive at the 
classical state, the standard decoherence is then needed. 
If we only account coherence by ignoring sub-coherence, 
we can view |\1/) as the WFES, from which, the density 
matrix p for the ensemble emerges. Further, the sub- 
decoherence can be introduced by one quantum reference 
frame a = Y^k,k> 7fc7fc' l^k) (4>k'\, which with g forms 

w = Y,\lk\ 2 \^k){^k\®\^k){^kl (A2) 
fc 

which is exactly the separable state 68]. Note that for 
pure state, the system and its reference frame form the 
entangled state. 

Correspondingly, the basic properties of WFES are: 
(1) Normalization: X)fcl7fc| 2 = 1; (2) Completeness re- 
lation: ^ fc \4>k)(tjJk\ = 1; (3) Measurement: there ex- 
ist a set of POVM operators {Ek = IV'fcXV'fcl} satisfying 
Ek\^) = Jklipk}, the expectation value (Ek) = |7fc| 2 ; note 
that the measurement does not act on the fine-grained or- 
thogonal basis directly; (4) Probabilistic interpretation: 
|7fe| 2 means the probability to find state \ipk) with opera- 
tor Ek; (5) Observable: the expectation value of observ- 
able A is (A) = Y,k a k\lk\ 2 , with A\i/)k) = a*#fc); (6) 
Evolution: states \^f) and \ipk) both satisfy Schrodinger 
equation, with which the Liouville equation for p is equiv- 
alent; (7) Sub-decoherence: the non-diagonal elements 
in |\E')(4 , | disappear, leading to quantum ensemble p; 
Decoherence: the party \ipk) each can further decohere, 
leading to classical state and classical trajectory, respec- 
tively; (8) Quantum reference frame: to determine the 
preferred basis {IV'fc)]'! the reference frame a and certain 
interaction are needed to form the separable state, i.e., 
the sub-coherence within Y$>) delocalizes to form sepa- 
rability; thus, by ignoring the reference frame, the state 
sub-decoheres; Further, if there exists the entanglement- 
type reference frame, the state eventually decoheres to 
classical trajectory. 

Last, to illustrate the difference between coherence 
and sub-coherence, we give one simple example: sup- 
pose there are only two parties, a and 6, in the ensemble, 
and each party with only two orthogonal basis |1) and 
|2>, and \ip a ) = cf|l) + c§]2>, \^ b ) = c\\l) + c\\2). Note 
that even if party b is not in the basis |1,2), there can 
be rotation which can rotate it to this basis, with effects 
absorbed in the coefficients. Thus, the density matrix of 
WFES is written as 
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Q = 



\Jar\Ci\' 
\la\ 2 ^cf 



\ia\ 2 c a lC r 



\la\ 2 \c a 2 \ 2 + NW+ 7 a7£ <%d 



7&7^c§* 



(A3) 



The sub-coherence is represented as the coefficients "f a J b 
and its conjugate, when they disappear, the state g sub- 
decoheres to the quantum ensemble p. The coherence 
is represented as the coefficients cfc 2 * , cfc 2 * and their 
conjugate, when they disappear, the state decoheres to 
the classical state, labeled as e, with diagonal elements 
en = l7a| 2 K| 2 + NVil 2 , £22 = \la\ 2 \c a 2 \ 2 + \l b \ 2 \c b \ 2 , 
and en + e 22 = 1. 



Appendix B: Scope and other methods 

Scope and QFT. In QFT, the wave function is further 
viewed as the operator, which is the well-known "second 
quantization" . The total number of particles is not con- 
served as there always exist the fluctuations of field and 
creation/annihilatin of particles. Particle itself is viewed 
as the excited state of field, and field is viewed as a kind 
of matter, whose motion exists within itself. Thus, the 
second quantization of wave function, i.e., scope, means 
to view the structure of the motion as the equivalence 
of the structure of matter, also to view the motion of 
the matter as the same with the matter itself, which is 
reasonable for field. This is also consistent with the mass- 
energy relation E = mc 2 from Relativity. However, for 
particles, atoms etc in QM, the object itself is different 
with its motion, thus, it is not proper to view scope as 
a kind of matter; instead, scope should be viewed as a 
kind of description of the logical structure of the motion 
of the object. 

In history, another physical picture similar with QFT 
is mainly developed by de Broglie, namely, the "pilot 
wave" approach [861 ]. in which the particle with definite 
local form sits at a certain place in the real pilot wave, 
and the particle can be viewed as the high-energy concen- 
trate singularity of the wave. The pilot-wave describes 
the collective motion of two objects: particle and wave, 
which indeed goes to the method of QFT. This relates to 
the "wave-particle duality" that the particle can perform 
both classical particle property and wave property, but 
not both of them at the same time [l|. Also, the concept 
of "matter wave" was developed. However, according 
to the concept of scope, the relation = - should be 
explained as that the object has the particle property 
(m) and wave property (A) within its own scope, con- 
sistent with the wave-particle duality. As a result, the 
matter wave cannot be viewed as a kind of matter, and 
indeed, the so-called matter wave does not exist. We 
note that the other theory, Bohmian mechanics [III HJ > 
in which the particle has the trajectory restrained by the 
wave function, is consistent with the methods of QTF 



and scope. 

Consistent History ( CH) [TtJ • This is a widely studied 
form of QM, yet, there exist different approaches. This 
theory has the similar character with our methods based 
on scope, particularly the active operator. However, in 
CH, there is no reason for the physical meaning of the 
decomposition of the identity. Next, we present our un- 
derstanding for the CH. Generally, CH takes the evolu- 
tion of state in time into account. The main quantity, 
the decoherence functional [TtJ is defined as 

V(ct,a') = Tr(C s/ <t,), (Bl) 

where p is the density matrix. The class operator is C$ = 
&Y[a=n P a a ^ witri = {1, 2, n a }, means that P l a a 
acts on the scope instead of state. P^" is the projective 
decomposition of the identity, 

n a 

£ Pt = 1, (B2) 

» a =l 

p l c pi a _ r pi a 

When a — a' , T>{a) — p a , which is the probability of 
the history, and the normalization ^2 a p a = 1- 

When a ^ a', if T>(a, 61 = 0), then we say the history 
is decohered. 

In figure [H we show one consistent history. We put 
state and operator on the equal footing, then form the 
state-operator space. {I^,-}^ = 1,2, ...,n} is the eigen- 
state set as the ordinate, the abscissa is the , where 
a associates with time t a . For simplicity, we set n = 6, 
i.e., there are six states within the scope. From the 
figure, we can easily get the activers of the history: 

p2 p5 p3 p6 p4 

1 ' 2 ' 3 ' A ' 5 

In addition, there can be other kinds of history, e.g., 
several activers can act together as J7 causing the 
superposed state. 

Kraus Operator for open system [13] ■ We stud y vi a the 
widely concerned model of the pure universe (36l]40j . Let 
universe U be composed with system S and environment 
E, labeled as U = S + E. The initial state is |^s(0)) and 
IV'.e(O)), correspondingly, the initial state for the universe 
is thus |V>(0)) = |^ s (0))|V'.e(0)). The evolution of the 
wave function is \ip(t)) = U(t)\ip(0)), with the evolution 
operator U(t). The reduced density matrix for the system 
is 

Ps (t) = Tr E |<Ki))<V(i)| (B3) 

i 
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*0 



-> p 



FIG. 4: The consistent history in the state-operator lattice 
space. There exist n eigenstates within the scope, and the 
number of the projection (activer) a represents the evolve of 
time. When the states become continuum, the lattice space 
becomes continuous space. The black polylines stands for the 
consistent history. 



where p s (0) = |^ S (0))(^ S (0)|, K t (t) = (i\U(t)\0), and 
we let \iPe(0)) = |0). The normalization rule is 



"£(0\tf(t)\i)(i\U(t)\0) 



1. 



(B4) 



The Kraus operator representation demonstrates the 
openness and the evolution in time of quantum system. 
However, although there is evolution in time, the logical 
relations between operators remains. For instance, the 
relation ^ K^Ki = 1 does not depends on time. Be- 
low, we show that this method is consistent with the CH 
method. 

The physical role of the evolution operator U(t) can 
be substituted by the class operator C a , the state of the 
system at time t n is |^\s(f n )) = C aN>s(0)), where IV's(O)) 
is the initial state. We know 



and 



V(a)=Tv(C a \m)(m\Ci), (B5) 
= ]TTrC Q |V>(0))(<A(0)|Ct (B6) 

a a 

(X 

= Tr]TOs(0)Ci 

a 

= i, 



thus X^a^a^a = which is the same as the normaliza- 
tion of the Kraus operator, physically. 

Interacting Faculties. The concept of "potentiality" , 
originated from Aristotle [48| . is quite widely studied in 
QM. The actuality (reality) and potentiality were sys- 
tematically studied recently, where the authors stated 
that potentiality could be a mode of existence, and the 
concept of "faculty" was introduced to replace "entity" 
[24| . The faculty describes a level which does not pertain 




FIG. 5: The models for the two-body problem in CM (a) and 
the mixtures of qubit in QM. The meaning for the symbols is 
explained in the text. 



to things but rather to potential actions. Possessing a 
faculty offers the ability to do something. According to 
our understanding, yet, the concept of faculty is the anal- 
ogy of potentiality. This approach relates to the property 
4 in section UlI B | yet it does not aim to provide the direct 
physical meaning of wave function and the superposition 
principle. 



Appendix C: Reduced entanglement 

Consider the mixtures of Bell states \^f) = (|01) ± 
\10))/V2, |$) = (|00) ± |11))/V2. According to our def- 
inition, the state |\&) is the "cross" state, and |$) is the 
"direct" state. So the mixture (ensemble) can be viewed 
as the mixture of two kinds of systems. The classical 
analogy is, e.g., the mixture of two kinds of gases. There 
exists the center of mass for each of the gases, so the prob- 
lem can be simplified as the two-body problem in classical 
mechanics, as shown in Fig. [5ja). The two objects mi 
and m,2 exist in the configuration space, the coordinates 
are r 1 and r 2 , respectively. The kinetic energy is 



E, 



;(Mr 2 c - 



- m2i\) 
•M*o)i 



(CI) 



where M = mi + to 2 is the total mass, \x 
the reduced mass, r, 



mi|m; 

is the coordinate of 



_ miri+TO 2 r 2 

mi+1712 

the mass center of the system, and ro = i"i — r 2 is the 
relative displacement between the two objects. 

Now, consider velocity v = r. As we know, there exists 
the maximum speed as the light speed c. Let c = 1, thus, 
the set of speed v — |v|/c forms the probability space 
with ^5 v ^ 1. The kinetic energy is written as 



1 



-(Mvl+pvl). 



(C2) 



Consider the mixtures of Bell states. The density ma- 
trix can be written as 



/ 9=Pl|$)($| +p 2 |*)(*| 



(C3) 
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The entanglement of the mixture is 



£ P = P\£d + P2&C 
= (£ d + £ c )pc 



(CM) 



£ d + £c 



Po, 



where by introducing the probability amplitude u = y/p, 

Uc = Ul f*Xef" ' u ° = l Ml ~ ^l, and = £ f is the 

reduced entanglement. The situation is depicted in Fig. 

Mb)- 

By comparison, the entanglement is the analogy of 
mass, the probability is the analogy of v 2 . 

For high-dimensional and many-body problems, there 
is no obvious form of reduced mass, also the reduced 
entanglement. Yet, we can apply the rough bi-party par- 
tition to deduce the apparent reduced mass or entangle- 
ment. 

However, we have to say, there are significant differ- 
ences. For instance, the quantum probabilities p\ and 
P2 each exist in the probability space, and also they to- 
gether exist in another probability space. But, the clas- 
sical speed (square) v 2 and v 2 do not exist in the proba- 
bility space with each other. This relates to the problem 
of Special Relativity, this simple mode may have impli- 
cation for the relation between QM and Relativity. 



Appendix D: Entanglement measure 

According to our study, entanglement and quantum 
information (entropy) are different. Entanglement is the 
shared coherence by the parties of the entangled state. 
Also, we find nonorthogonality is the shared coherence 
within the local states of each party of the whole state. 
Quantum information (X q ) is the improved form of clas- 
sical information (correlation) (I c ) due to nonorthogo- 
nality (O) or entanglement (£). Thus, I q can be the 
function of O or entanglement £. Here, we compare our 
definition with the usual entanglement measure. 

Entanglement of formation. In QIQC, the mixtures of 
Bell states, i.e., ensemble of qubits, are often prepared, 
the entanglement of formation, also cost and distilla- 
tion are studied [73 - f7^ | . The entanglement of formation, 
which measures quantum information instead of entan- 
glement, is defined as 



E f (p) = min^2 piE(ipi), 



and the density matrix is written as p — X)"PilV , i)(V , i|- 
This decomposition is the ensemble of entangled qudit. 
Here we prove one simple property of Ef(p) as follows. 



When the density matrixes w, a, and p satisfying 



CO = rip + T2CT 
i—n 

= r 1 ^2p i \ip i )(ip i \+r 2 ^2qj\(j>j)((j> 



(D2) 



J 



1 = 1 



3=1 
i—n-\-m 



i— 1 i=n-\-l 

The entanglement of formation of uj is 



i—n-\-m 



Ef(u) = min(ri 



i=n-\-l 



riE f (p) + r 2 E f (a). 



(D3) 



Concurrence. Concurrence relies on the permutation 
symmetry of entangled state (68[. For pure state, con- 
currence describes the coherence. There are three kinds 
of basis to express the qubit. 

(a). "Magic basis" {|ej)} 73]. The qubit is written 
as \ij>) = Y,i a i\ e i) = ( a i + ict 2 ,ia 3 + a 4 ,ia 3 - a&,ai - 
ia2 ) T /2. Concurrence is 



a 9 + ctn + a. * 



(D4) 



(b). "Computation basis" |00), |01), |10), |11). The 
qubit is written as — (a, b, c, d) T , and concurrence is 



C = 2\ad-bc\. 



(D5) 



It is easy to see that the basis in case (a) can be viewed 
as the special case of (b). 

(c). Schmidt basis The qubit is written as \ip) = 
x|00) + y|H), with x 2 + y 2 = 1, the density matrix is 



P = 



and concurrence is 



fx 2 xy \ 





V xy y 2 j 



C = 2\xy\. 



(D6) 



(D7) 



The Schmidt basis can be rotated to the "computation 
basis" in case (b) by the local unitary transformation 
U A ®Ug M- 

The above three kinds of basis give the same results of 
concurrence. The entanglement of formation is defined 
), where the binary entropy function 



(Dl) as E f = h( 



h(x) = — x\og 2 x — (1 — x) log 2 (l — x). We can form the 
entropy-concurrence matrix (A) as follows 



A 



i + VT^C^ 

c 



c 



1 - Vi -C 2 



(D8) 
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Then, it is obvious that the entropy Ef describes the 
property of the diagonal elements (population) , and the 
concurrence C describes the non-diagonal elements (co- 
herence) . 

Negativity and Robustness. For pure state, the defini- 
tion of negativity [71j is the same with our definition of 
the degree of entanglement. Negativity is usually viewed 
as the absolute value of the sum of the negative eigenval- 
ues of p TA 

i 

where //$ is the negative eigenvalues. 

In deed, the negative eigenvalues are the results of the 
shared coherence of the entangled state. For pure qubit, 
the negativity is the same with concurrence, that is to 
say, the definition of negativity is more general than con- 
currence for bi-par ty p ure state. 

The robustness [76| is the twice of the negativity for 
pure state. Physically, it describes the robustness of the 
entanglement to the minimal amount of external classi- 
cal noise. The role of noise is to disturb and destroy the 
coherence. Physically, the robustness can describe the 
shared coherence, thus give the right quantity of entan- 
glement. However, it is not easy to calculate since it is 
the indirect way to measure entanglement. 

In addition, we discuss a little of the physical meaning 
of concurrence and negativity for the mixed state con- 
dition. It is well-known that the two are often different 



for mixed state, though the same for the pure state case. 
The physical reason is quite clear: they are the results of 
two different entanglement witness (operator) [sTJ • Phys- 
ically, in the mixed state there can be nonorthogonality, 
which can influence concurrence and negativity without 
being detected. That is to say, it is not proper to gener- 
alize concurrence and negativity to the mixed state, since 
the result is not necessarily entanglement. 

Relative entropy. The quantum relative entropy of en- 
tanglement [75] is defined as 

E r (p) = M S(p\\a) (D10) 
= m t tr(/?logp- ploga), 

where the set X can be taken as the set of separable 
states, states with positive partial transpose, nondistil- 
lable states, etc. The quantum discord [78|, [79| and 
squashed entanglement [80| . which we have studied in 
Ref. (HI, can be viewed as the relative entropy. 

Physically, E r does not quantify entanglement directly, 
yet it relates to entanglement. The relation between E r 
and entanglement also nonorthogonality can not be de- 
duced easily especially for mixed state, since the detailed 
structure of the mixed state and the distribution of co- 
herence are not clear. As a result, the relative entropy 
is only an effective way to measure quantum information 
instead of entanglement. 
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